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Abstract. The study of solutions with fixed energy of certain classes of Lagrangian (or 
Hamiltonian) systems is reduced, via the classical Maupertuis-Jacobi variational principle, 
to the study of geodesies in Riemannian manifolds. We are interested in investigating the 
problem of existence of brake orbits and homoclinic orbits, in which case the Maupertuis- 
Jacobi principle produces a Riemannian manifold with boundary and with metric degener- 
ating in a non trivial way on the boundary. In this paper we use the classical Maupertuis- 
Jacobi principle to show how to remove the degeneration of the metric on the boundary, 
and we prove in full generality how the brake orbit and the homoclinic orbit multiplicity 
problem can be reduced to the study of multiplicity of orthogonal geodesic chords in a 
manifold with regular and strongly concave boundary. 
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1. Introduction 

The study of periodic and homoclinic orbits of Lagrangian and Hamiltonian systems 
is an extremely active research field in classical and modern mathematics, having a huge 
number of applications in physical sciences. One of the peculiarities of the problem is that, 
although already very popular among classical analysts and geometers, it has never been 
out of fashion, and it has been studied along the time with techniques of an increasing level 
of sophistication. Indeed, the study of solutions of Hamiltonian systems has motivated 
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Figure 1 . Gluing a collar with convex boundary to a concave boundary. 

many recent developments of several mathematical theories, including Calculus of Varia- 
tions, Symplectic Geometry and Morse Theory, among others, and the vaste literature on 
the topic witnesses the leading role of the subject in modern mathematics. 

The central interest of the present paper is to study solutions of an autonomous La- 
grangian (or Hamiltonian) system, having prescribed energy, in a manifold M that belong 
to two special classes of solutions: the homoclinic orbits and the brake orbits. Homo- 
clinic orbits are solutions x : M ^ M of the system for which the limits lim x{t) and 

t — >-\-oo 

lim x{t) exist and are equal, and lim x{t) — 0. Such limits must then be a critical 

t — ^ — C30 t — >±oo 

point of the potential function of the system. Brake orbits are a special class of periodic 
solutions that have an oscillating character, i.e., periodic solutions x : M ~^ M having 
period 2T, with x{T + t) ^ x{T ~ t) and x{T + t) = -x{T - t) for all t e R. Cleai'ly, 
x{kT) = for all fc e Z. 

By a classical variational principle, known as the Maupertuis-Jacobi principle, solu- 
tions of autonomous Lagrangian or Hamiltonian systems having a fixed value of the energy 
correspond to geodesies relatively to a Riemannian metric, called the Jacobi metric. When 
dealing with homoclinic orbits issuing from a critical point of the potential function, or with 
brake orbits, then the classical formulation of the Maupertuis-Jacobi principle fails, due to 
the fact that such solutions pass through a region where the Jacobi metric degenerates in a 
non trivial way. An accurate analysis of the geodesic behavior near such degeneracies, that 
occur on the boundary of the level set of the potential function, has lead many authors to 
obtain existence results by perturbation techniques. More specifically, following an orig- 
inal idea by Seifert 1 1 1 1, some authors (see Qj) have been able to perform a geometrical 
construction consisting in attaching a smooth, convex and sufficiently small collar (see Fig- 
ure Q to the degenerate region, in such a way that the geodesies in the resulting manifold 
could be counted by standard techniques in convex Riemannian geometry (| 3 9 1). Then, a 
limit argument was used to obtain existence results for geodesies in the original degenerate 
metric by letting the size of the collar go to zero. The same idea cannot be used if one 
wants to obtain multiplicity results, due to the fact that such limit procedure does not guar- 
antee that possibly distinct geodesies in the perturbed metric converge to geometrically 
distinct geodesies in the original Jacobi metric, unless one poses ad hoc "non resonance" 



HOMOCLINIC ORBITS IN RIEMANNIAN MANIFOLDS 



3 



assumptions (see j?))- Here, by geometrically distinct, we mean geodesies having differ- 
ent images; the non resonance assumptions mentioned above guarantees that it is avoided 
the situation in which distinct geodesies in the perturbed metric tend to the same periodic 
geodesic travelled a different number of times. 

The starting point of this paper is the idea that, if one wants to preserve the number of 
distinct geodesies, then one has to perform a geometrical construction that avoids limits 
procedure. Such construction would obviously be based on a careful investigation of the 
geodesic behavior near the boundary of the level set of the potential function. Working in 
this direction has lead to the quite remarkable observation that the boundary of a non criti- 
cal level set of the potential function, or of a small ball around a non degenerate maximum 
point of the potential, are near certain hypersurfaces that are strongly concave relatively to 
the Jacobi metric, and that have the property that orthogonal geodesic chords arriving on 
one of these hypersurfaces can be uniquely extended to geodesic chords up to the degen- 
erate boundary. The presence of concave hypersurfaces near the degenerate boundary can 
be interpreted as an indication that Seifert's technique of gluing a convex collar would be 
somewhat innatural in order to study the multiplicity problem in full generality. 

The main results of this paper are contained in Theorem 15. 91 relating the brake orbits 
problem to the orthogonal geodesic chords problem, and Theorem l5.19l that deals with the 
homoclinics problem. 

The issue of concavity, as opposed to the convexity property used in the classical litera- 
ture, is the key point to develop a multiplicity theory for brake orbits and homoclinic orbits 
under purely topological assumptions on the underlying manifolds. These multiplicity re- 
sults constitute the topic of two forthcoming papers by the authors (OJISl). 

2. Geodesics and Concavity 

Let (M, g) be a smooth (i.e., of class C^) Riemannian manifold with dim(M ) ~ m > 
2, let dist denote the distance function on M induced by g; the symbol V will denote the 
covariant derivative of the Levi-Civita connection of g, as well as the gradient differential 
operator for smooth maps on M. The Hessian H^(g) of a smooth map / : A/ — > J? at 
a point q € M is the symmetric bilinear form H-^ {q){v, w) — .g((V^V/)(g), for all 

v,w e TxM; equivalently, H^(g)(t>, w) = g7T|j,_g/(7(s)), where 7 : ]—£,£[ — > M is 
the unique (affinely parameterized) geodesic in M with 7(0) = q and 7(0) — v. We will 
denote by |^ the covariant derivative along a curve, in such a way that = is the 
equation of the geodesics. A basic reference on the background material for Riemannian 
geometry is 1 4 1 . 

Let C Af be an open subset; = IJ dO. will denote its closure. There are several 
notion of convexity and concavity in Riemannian geometry, extending the usual ones for 
subsets of the Euclidean space 5?™. In this paper we will use a somewhat concavity as- 
sumption for compact subsets of M, that we will refer as "strong concavity" below, and 
which is stable by -small perturbations of the boundary. Let us first recall the following: 

Definition 2.1. Q, is said to be convex if every geodesic 7 : [a, 6] ^ whose endpoints 
7(a) and 7(6) are in Vl has image entirely contained in VL. Likewise, is said to be concave 
if its complement Af \ 51 is convex. 

If dn is a smooth embedded submanifold of M, let I„(a;) : T^{dn) x T^{dn) R 
denote the second fundamental form of dVl in the normal direction n G Tx{dVl.)-^ . Recall 
that In (a;) is a symmetric bilinear form on Tx{dVL) defined by: 

I„(x)(z;,u;) =(7(V„W^,n), v,w€T^{d^), 
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where W is any local extension of w to a smooth vector field along dfl. 

Remark 2.2. Assume that it is given a smooth function (p : M ~> M with the property that 
n = (/)-i(]-oo,0[) and dn = (/)^^(0), with d(/) 7^ on dn. ' The following equality 
between the Hessian H"^ and the second fundamental form^ of dfl holds: 
(2.1) 

Namely, if x e dH,, v e Tx{dfl) and y is a local extension around a; of w to a vector field 
which is tangent to dfl, then t;(g(V(/), V)^ = on dil, and thus: 

Tl'^ix){v,v) = v{g{V^,V)) ~ giVcf>,V,V) = -TLy^^^){x){v,v). 

Note that the second fundamental form is defined intrinsically, while there is general no 
natural choice for a function (p describing the boundary of as above. 

Definition 2.3. We will say that that fl is strongly concave if {x) is positive definite for 
all X E dfl and all inward pointing normal direction n. 

Remark 2.4. Strong concavity is evidently a C^-open condition. It should also be empha- 
sized that if il is strongly concave, then for any smooth map (p : M ^ Mrs in Remark lT^ 
then for all q E dil, the Hessian H'^(q) is negative definite on Tg(951). From this observa- 
tion, it follows immediately that geodesies starting tangentially to dft move inside ft. 

The main objects of our study are geodesies in M having image in ft and with endpoints 
orthogonal to dfl. We distinguish a special class of such geodesies, called "weak", whose 
relevance will not be emphasized in the present paper, but it will be used in a substantial 
way in the proof of the multiplicity results in 1 5 6 1. 

Definition 2.5. A geodesic 7 : [a,b] M is called a geodesic chordinV, if j(^]a,b[) C il 
and 7(a), 7(5) e dil; by a weak geodesic chord we wiU mean a geodesic 7 : [a, b] M 
with image in Vl and endpoints 7(a) , 7(6) G dVl. A (weak) geodesic chord is called orthog- 
onal if 7(0+) e {T^(a)d^)^ and 7(6") G {T^(j,)d^)^, where 7( • denote the lateral 
derivatives (see Figure|2ji. An orthogonal geodesic chord in whose endpoints belong to 
distinct connected components of dVl will be called a crossing orthogonal geodesic chord 
in Vl. 

For shortness, we will write OGC for "orthogonal geodesic chord" and WOGC for 
"weak orthogonal geodesic chord". 

For the proof of the multiplicity results in |5 , 6], we will use a geometrical construction 
that will work in a situation where one can exclude a priori the existence in of (cross- 
ing) weak orthogonal geodesic chords in dVt. We will now show that one does not lose 
generality in assuming that there are no such WOGC's in Vl by proving the following: 

Proposition 2.6. Let G M be an open set whose boundary dVL is smooth and compact 
and with 57 strongly concave. Assume that there are only a finite number of (crossing) 
orthogonal geodesic chords in Jl. Then, there exists an open subset f2' C with the 
following properties: 

(1) is diffeomorphic to 51 and it has smooth boundary; 

(2) Q,' is strongly concave; 



For example one can choose 4> such that |(/>(g)| = dist(g, 9^2) for all g in a (closed) neighborhood of d^l. 
'Observe that, with our definition of 4>, then Vcji is a normal vector to 9f2 pointing outwards from Q,. 
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Figure 2. A weak orthogonal geodesic chord (WOGC) in fl (above), 
and a crossing OGC (below). 

(3) the number of( crossing) OGC's in 17' is less than or equal to the number of (cross- 
ing) OGC's in ; 

(4) every (crossing) WOGC in fi' is a (crossing) OGC in f2'. 

Proof. The desired set Q! will be taken of the form: 

with (5 > small, and with (f) a smooth map as in Remark lT^ such that \ (t>{q) \ — d\si{q, dVl) 
forgnear^ri. Observe that if 5 is small enough, then by continuity d0 ^ Oon0^^([— (5, 0]), 
which implies that d^' is smooth and that il' is diffeomorphic to Vl, as we see using the 
integral curves of V0. Since strong concavity is an open condition in the C^-topology, if 
(5 > is small enough then fi' is strongly concave, proving (|2j- 

Moreover, 5 must be chosen small enough so that the exponential map gives a diffeo- 
morphism from an open neighborhood of the zero section of the normal bundle of to 
the set (/)^ ^ ( ] — 2(5, 2(5 [ ) ; the existence of such 5 is guaranteed by our compactness assump- 
tion on dVl. Since (f){q) ~ ~d\si{q, dVl) near 9f2, then every (crossing) geodesic in Vl' that 
arrives orthogonally at dO,' can be smoothly extended to a (crossing) geodesic in that 
arrives orthogonally at dVl; observe that any such extended geodesic only touches dVl at 
the endpoints, i.e., it is a (crossing) OGC in fi. This proves part (|3}- 

We claim that there exists 5 > {) arbitrarily small such that every (crossing) WOGC is a 
(crossing) OGC in (f>~^ ( ]— oo, —6] ) . Assume on the contrary that there exists a sequence 
5n > with (5„ — > as n ^ oo, a sequence < s„ < 1 and a sequence of (crossing) 
geodesies 7„ : [0, 1] ^ with (^(7„(0)) = (?!)(7n(s„)) = 0(7n(l)) -<5n, 7«(0) and 
7„(1) orthogonal to (/'~^(— (5„) and (^(7„(s)) < — (5„ for all s e [0, 1] and all n e IN. As 
we have observed, for n large each geodesic 7„ can be smoothly extended to a (crossing) 
OGC in il, and clearly all such extensions cannot make a finite set of geometrically distinct 
(crossing) OGC's in fl. Namely, each 7„ is tangent to the surface (p^^{—d„), and to no 
other surface of the form 4>^^{—S) with S < (5„. This says that the extensions of the 7„ 
are all geometrically distinct, which contradicts the fact that there is only a finite number 
of (crossing) OGC's in fl and proves part (0). □ 
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3. Brake and Homoclinic Orbits of Hamiltonian Systems 

Let p = (pi), q = (g') be coordinates on M^™, and let us consider a natural Hamilton- 
ian function H £ (l?^™, Ft), i.e., a function of the form 

^ m 

(3.1) H{p, 9) = 2 E + ^(9)' 

where V S C^(iR™,iR) and A{q) — (a'-'(q)) is a positive definite quadratic form on 

m 

for some continuous function ly : JR'" and for all {p, q) G J?^™. 

The corresponding Hamiltonian system is: 

dH 



(3.2) 



. _ dH 



where the dot denotes differentiation with respect to time. 

For all q G JR™, denote by C{q) : 5?'" the linear isomorphism whose matrix 

with respect to the canonical basis is {aij (g)) , the inverse of (a'^ (?)) ; it is easily seen that, 
if {p, q) is a solution of class of ( 13. 2t . then (7 is actually a map of class and 

(3.3) p = C{q)q. 

With a slight abuse of language, we will say that a C^-map q : I ^ _ZR™ is a solution of 
(|^} if (p, (7) is a solution of (|^} where p is given by ( 13. 3> . Since the system (|^} is au- 
tonomous, i.e., time independent, then the function H is constant along each solution, and 
it represents the total energy of the solution of the dynamical system. There exists a large 
amount of literature concerning the study of periodic solutions of autonomous Hamiltonian 
systems having energy H prescribed (see for instance |8 1 and the references therein). 

We will be concerned with a special kind of periodic solutions of (13. 2> . called brake 
orbits. A brake orbit for the system \2>.2\ is a non constant periodic solution M 3 t t-^ 
{pit), qit)) G of class with the property that p{0) = p(T) for some T > 0. 
Since H is even in the variable p, a brake orbit {p, q) is 2r-periodic, with p odd and q 
even about t = and about t = T. Clearly, if E is the energy of a brake orbit {p, q), then 
1/(9(0)) = V{q{T)) = E. 

The link between solutions of brake orbits and orthogonal geodesic chords is obtained in 
Theorem l5.9l (used in 1 6 1 to obtain the multiplicity result for brake orbits). Its proof is based 
on a well known variational principle, that relates solutions of ( 13. 2t having prescribed 
energy E with curves in the open subset He C M"'". 

(3.4) Qe = V-\]-oo,E[) = {x G : V{x) < E} 
endowed with the Jacobi metric (see Proposition l4.1l i: 



(3.5) gE{x) = {E-V{x)) ■ - ^ a^, (x) dx' dx^ . 

Let us now consider the problem of homoclinic s on a Riemannian manifold (M, g). 
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Assume that we are given a map V G {M, M) ; the corresponding second order 
Hamiltonian system is the equation: 

(3.6) ^^q + ^V{q) = 0. 
Note that if M — and g is the Riemannian metric 

(3.7) 5= - ^ a,,(x)dxMx^ 

ij = l 

where the coefficients are as above, then equation J3.6> is equivalent to i3.2\ . in the 
sense that x is a solution of i3.6\ if and only if the pair q~x and p — C{x)x \s a. solution 
of O. 

Let xq E i\f be a critical point of V, i.e., such that WV{xo) = 0. We recall that a 
homoclinic orbit for the system (13 .6> emanating from xq is a solution q E [M, Al) of 
(I3.6> such that: 



(3.8) lim q{t) = lim q{t) ~ xo, 

t — > — oo t — *+oo 

(3.9) lim q{t) = lim q{t) = 0. 

t — > — oo t — >+oo 

To the authors' knowledge, the only result available in the Uterature on multiplicity of ho- 
moclinics in the autonomous case is due to Ambrosetti and Coti-Zelati 1 1 1, to Rabinowitz 
iflOJ and to Tanaka L12J . A quite general multiplicity result for homoclinics, generalizing 
those in Q] and in 1121 . will be given in jS) using the result of Theorem l5.19l 

It should also be mentioned that very likely all the results in this paper can be extended 
to the case of Hamiltonian functions H more general than ( 13. 1> . As observed by Weinstein 
in 1131 . Hamiltonians that are positively homogeneous in the momenta lead to Finsler 
metrics rather than Riemannian metrics. 

4. The Maupertuis Principle 

Throughout this section, {M,g) will denote a Riemannian manifold of class C^; all 
our constructions will be made in suitable (relatively) compact subsets of M, and for this 
reason it will not be restrictive to assume, as we will, that (A/, g) is complete. 

4.1. The variational framework. The symbol iJ^ ([a, 6], J?™) will denote the Sobolev 
space of aU absolutely continuous function / : [a, b] — > M"^ whose weak derivative is 
square integrable. Similarly, i?^ ([a, 6], Af) will denote the infinite dimensional Hilbert 
manifold consisting of all absolutely continuous curves x : [a,b] M such that o 
A[c,d] e H^{[c,d],W) for all chart 93 : U d M ^ W of Af such that x([c, d]) C U. 
By Hl^^ ( ]a, 5[ , J?™) we will denote the vector space of all continuous maps / : ]a, 6[ ^ 
iR™ such that G {[c, d], M"') for all [c,d] C ]a,6[; the set Hl^{]a,b[,M) is 
defined similarly. The Hilbert space norm of H^{\fl, 6], J?™) will be denoted by || • ||a,6; 
for the purposes of this paper it will not be necessary to make the choice among equivalent 
norms of H^{[a,b],m"'). 

4.2. The Maupertuis- Jacobi principle for brake orbits. Let V E C"^ (Af, IR) and let 

E E M. Consider the sublevel 17^; of in ( 13 .4> and the Maupertuis integral fa,b '■ 
(Ja,b],flE) IR, which is the geodesic action functional relative to the metric gE 
(13. 5> . given by: 

(4.1) /^,(a;) = i/' {E~V{x))g{x,x)At, 
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where g is the Riemannian metric Observe that the metric qe degenerates on d^E- 
The functional fa.b is smooth, and its differential is readily computed as: 

(4.2) Afa^{x)W^j^ {E^Vix))g{x,§^W)dt-^ g{x,x)g{VVix),W)dt, 

where W G iJ ^ ( [a, 6] , K™) . The corresponding Euler-Lagrange equation of the critical 
points of fa,b is 

(4.3) {E~V{xis)))^^^s)~g{VVix{s)),x{s))x{s) + ^g{xis),x{s))VVix{s)) = 0, 
for all s G]a, b[. 

Solutions of the Hamiltonian system i3.2\ having fixed energy E and critical points of 
the functional ^ of j4.1l l are related by the following variational principle, known in the 
literature as the Maupertuis-Jacobi principle: 

Proposition 4.1. Assume that E is a regular value of the function V. 

Let X G C'^([a, 6], -ZR™) H iJ;^^. ( ]a, 6[ , 5?"') beanon constant curve such that 

(4.4) j"^ {E - V{x))g{x, ^^W) ^t-\f^ .9(i, i).9(Vl/(a;), W) dt ^ Q 

for all W G ( ]a, 6[ , iR™), and such that: 

(4.5) V{x{s)) < E, for all s G ]a, b[; 
and 

(4.6) V{x{a)),V{x{b)) < E. 

Then, x G {[a,b],R"'), and if V{x{a)) = V{x{b)) = E, it is x (a) x{b). 
Moreover, in the above situation, there exist positive constants and T and a C^-diffeo- 
morphism a : [0, T] [a, b] such that: 

(4.7) {E - V{x))g{x, x) = on [a, b], 

and, setting q = x o a : [0, T] ^ iR™, and p{s) — C{q{s))q{s), the pair {q,p) : [0, T] —s- 
-ZR^™ is a solution of i3.2\ having energy E with q{0) — x{a), q{T) = x{b). IfV{x{a)) — 
V{x{b)) = E then q can be extended to a 2T-periodic brake orbit of i3.2\ . 

Proof. A proof when £ is the identity map id can be found for instance in |2|. For conve- 
nience of the reader we give here a sketch of the proof in the general case. 

Since x satisfies ( 14. 4t . standard regularization arguments show that x is of class on 
]a, b[, while integration by parts gives ( 14. 3t Vs G]a, b[. Equation ( 14. 7> follows contracting 
both sides of ( 14. 3t with x using g. Now set 



A simple estimate shows that T = t{b) < +oo. Indeed, setting 

C = sup{g(VV^(x),VF(a;))^^^ : x (eUe}, 
and using ( 14. 7> . one has 

^ Cg{x,xy^^ _ C^, 



1 



ds \E-V[x{s)) 



{E-V{x)) {E-Vix)) 



5/2 ■ 



HOMOCLINIC ORBITS IN RIEMANNIAN MANIFOLDS 



9 



Therefore, standard estimates for ordinary differential equations gives the existence of a 
constant Dx such that 

^ < Dx (- + 1 , Vs ela, b\. 



E-V{x{s))- '=V(s-a)^/^ (fe-s)2/3 

proving that t{b) < +00 and that x G H'^{[a, b],R"^). 

Now, denote by a : [0,T] — > [a,b] the inverse map of (14. 8> . and set = a;((T(t)). 
Since cr'(t) = 2{cx)^^ {^E~V{x{cr{t)))) , a straightforward computation shows that = 
-Wiq) and_ig(g, q) + V{q) = E. Therefore, the pair {q, C{q)q) : [0, T] ^ K^'" is a 
solution of with energy £'. 

Moreover q(0) = x{a) and (/(T) = x{b), and by the uniqueness of the Cauchy problem, 
if V{x{a)) = V{x{b)) ^ E it must be q{0) 7^ q{T), and q can be extended to a periodic 
brake orbit. □ 

4.3. The Maupertuis-Jacobi Principle near a nondegenerate maximum of the poten- 
tial energy. The above formulation of the Maupertuis-Jacobi principle is not suited to 
study homoclinic orbits issuing from a critical point of the potential function V. Our next 
goal is to establish an extension of the principle that will be applied in this situation. 

Proposition 4.2. Let {M,g) be a Riemannian manifold, V £ C^[M, M), let xn e M be 

a nondegenerate maximum ofV, and set E = V{xo). Assume that x is a curve in the set 
C°{[a,b],TiE) r\Hl^c{ [aib[,TiE) such that: 

(4.9) j^{E- V{x))g{x, f^W) .9(i, i)9{^V{x), W) dt ^ Q 

for all W £C^{]a,b[, K"), and such that 

(4.10) V{x{s)) <E,forse[a,b[, 

(4.11) x(6)=xo. 

Then, there exists a -diffeomorphism a : [0, +oo[ [a, b[ such that the curve q — xo a 
is a solution of i3.6\ satisfying q{Q) = x{a) and lim q{t) = xq, lim q(t) = 0. 

t — > + 00 t — * + C30 

Proof. Choose p G ] 0, dist(a::(a), xq) [ and define ai G ]a, b[ as the^rif instant s at which 
dist(a;(s), xq) = Q- By ( 14. 9t . the restriction a::|[a,Qi] is a geodesic relatively to the metric 
gE, since a;([a, ai]) is contained in a region where E — V i?, positive. Denote by Cx the 
constant value of {E — V{x))g{x^ i); for all s € [a, ai] set: 



and denote by a : [0, t(Q!i)] [a, ai] the inverse function of s i-^ t(s). Then, a straight- 
forward calculations shows that the map q = x o cr is a solution of the equation ( 13. 6> with 
\g{q,q) + V{q)=Eon [0,s(ai)]. 

Let us choose a2 € ]q;i,6[ be the^rif instant s at which dist(a;(s), xq) = |; we 
can repeat the construction above obtaining a solution of (13. 6> defined on an interval 
[0,t(a2)]. The key observation here is that, in fact, such a function is an extension 
of q, and therefore it satisfies the same conservation law ^g{(i*,(i*) + V{q^,) = E on 
[0, t{a2)]- An iteration of this construction produces a sequence a < ai < a2 < ■ ■ ■ < b 
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such that dist{x{ak),xo) — maps of class C-^, t : [a,L[ [0,T[, its inverse 

a : [0,r[ [a,L[, where: 

^ Ja E - V[x{t)) fc-00 

and a curve of class C^, q — x o a : [0, T[ fi^, that satisfies ( I3.6l l. and with 

(4.12) ig(g,g) + y(g) = i? 

on [0, r[; in particular, g{q, q) is bounded. 

Let us prove that T ~ +00 and that lim q{t) = xq. We know that, by construction, 

t — > + C30 

lim t{ak) ~ T and lim q{t{ak)) = x^; suppose by absurd that there exists p > 0, and 

k — ^00 k — ^00 

a sequence j3k such that lim j3k — L and dist((7(i(/3fe)), xq) > p for all k. Since xq is an 

k — >oo 

isolated maximum point, we can assume p small enough so that 

(4.13) inf {E-V{Q))=e>0. 

^ p<d\st{Q ,xq)<p 

Up to subsequences, we can obviously assume that G ]oiki ctk+i] for all fc; for k suf- 
ficiently large, there exists 7^ G \ak,Pk[ which is the first instant t e Ja^:, /3fe[ at which 
dist((7(s(i)), xo) = |. Since 17(4, q) is bounded, there exists f- > such that 

(4.14) t{'^k)-t{ak)>D, for all fc; 

from ( I4.13> and ( I4.14> we get: 
(4.15) 

/ (£; - V{q{T))) dT>"^ {E- V{q{T))) dr > ^ ez^ = NeD > +00 

as ^ (X). On the other hand, for all s G ]a, L[, 

{E-V{q{T)))dr = -j c,de=^-^c,, 

which is obviously inconsistent with ( I4.15> . and therefore proves that lim q{t) — xq. 

Moreover, the conservation law ( I4.12> implies that lim q(t) = 0. 

Finally, the local uniqueness of the solution of an initial value problem implies imme- 
diately that T cannot be finite; for, the only solution q of i3.6\ satisfying q{T) = xq and 
q{T) = is the constant q = xq. □ 



5. Orthogonal Geodesic Chords and the Maupertuis Integral. 

In this section we will prove the main result of the paper, showing how to reduce the 
brake orbit and the homoclinics multiplicity problem to a multiplicity result for orthogonal 
geodesic chords. 

We will begin with the study of the Jacobi metric near the level surface V^^{E), with 
E regular value of V. 
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5.1. The Jacobi distance near a regular value of the potential. Let g be a Riemannian 

metric, gs = {E ~ V{x))g, fls as in (Il4l : assume W{x) ^ for all x e V^''-{E) and 
that JIb is compact. 

Lemma 5.1. For all Q € i^E, the infimum: 

dE{Q):^ini ^j{{E ~V{x))g{x,x)Y'^At : x^H^{[Q,1],VIe), x{Q) = Q, x{l) E dn} 

is attained on at least one curve 'jQ G i7^([0, 1], fie) such that (i?— V^(7q))5(7q, 7q) is 
constant, 7q ( [0, 1 [ ) C fl, and jq is a curve on [0,1 [. Moreover, such a curve satisfies 
assumption i4.4l of ProDosition Wj\ on the interval [a, b] — [0, 1]. 

Proof. For all /c e W sufficiently lai-ge, set flk = V^'^ {]-oo, E ~ ^[) C VIe, and 
consider the problem of minimization of the g^j-length functional: 

Le{x) = / [{E-V{x))g{x,x)Y' ds, 
Jo 

in the space 25^ consisting of curves x £ H^[[0, 1], Qk) with a;(0) = Q and x{l) e d^lk- 
It is not hard to prove, by standard arguments, that for all ilj, ^ 0, the above problem 

has a solution 7/j which is a g^-geodesic, and with 7^ ( [0, 1[) C ilk- 
Set qk = 7fc(l) G dVlk and Ik — Lsi'^k)- Since qk approaches dil as fc — > 00, arguing 

by contradiction we get; 

liminf Zfe > dE{Q)- 

k — ^00 

Now, if by absurd it was: 

liminf Ik > dE{Q), 

k — ^00 

then we could find a curve x G H^(\0, with a::(0) = Q, x{l) G Sfi, and with 

Le{x) < liminf Ik- Then, a suitable reparameterization of x would yield a curve y E i3k 

k — ^00 

with LE{y) < Ik, which contradicts the minimality of Ik and proves that 
(5.1) liminf/fc = dB(Q). 

k — >oc 

Now, arguing as in the proof of Proposition l4.1l we see that the sequence: 

dt 

is bounded. Now, /J [E ~ V{-/k)) giik^ik) dr = ll = {E ~ V{'yk))g{ik:ik) is 
bounded, which implies /g g{ik,ik) dr bounded, namely the sequence 7^ is bounded 
in i/^([0, 1], rjfi). Up to subsequences, we have a curve 7q g ([0, 1], rig) which is an 
i/^-weak limit of the 7fe's; in particular, 7^ is uniformly convergent to 7q. 

We claim that such a curve 7q satisfies the required properties. First, 7q([0, 1[) C 0,e- 
Otherwise, if 6 < 1 is the first instant where 7Q(fe) G OVIe, by ( 15. H and the conservation 
law of the energy for 7fc one should have 

{h~l)ll^ [ {E-V{jk))9{ik,ik)dT^0, 

Jb 

in contradiction with Q ^ OHe- Then 7q satisfies ( 14. 4> in [0, 1] since it is a iJ^-weak 
limit of jk, which is a sequence of g^-geodesics. 

Clearly, •jq is of class on [0, 1[, because the convergence on each interval [0, b] is 
indeed smooth for all 6 < 1. 
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Finally, since Le{z) < liminf Ik, from i5.l\ it follows that LEicfq) — dsiQ), and this 

k — >oo 

concludes the proof. □ 



Remark 5.2. It is immediate to see that, 7q is a minimizer as in Lemma I57T1 if and only if 
is a minimizer for the functional 

1 

(5.3) /o_i(x) = -y^ {E~V{x))g{i,x)dt 
in the space of curves 

(5.4) XQ^{xeH\[0,l],'nE) : x{0) = Q,xi[0,l[)cinE,x{l)ednE}. 
Then, by Lemma l5!n f^ i has at least one minimizer on Xq. 

Using a simple argument, we also have: 

Lemma 5.3. The map cLe '. ^e ^ [0, +cx)[ defined in the statement of Lemma 15.71 /^ 
continuous, and it admits a continuous extension to VIe by setting dE — on dQ,E. D 

Now we shall study the map 

(5.5) i>{y)^\dUy). 

proving that it is and satisfies a convex condition when y is nearby dVlE- 

Proposition 5.4. IfQ is sufficiently close to dVlE then the minimizer of the functional ( 15. 3> 
in the space Xq is unique. 

Proof. Let z = z{t, 0, Q) the solution of the Cauchy problem 

r z{t) = J- D,H{z{t)) 
^^■^^ jz(0) = (0,Q), Qed^E, 

where H is the Hamiltonian function ( 13. 1> . and J is the matrix 

-/„ 



J = 







and /,„ is the mxm identity matrix. Since V and are C^, z — {p, q) is of class with 
respect to (t, Q), therefore z — z{t, Q) is of class with respect to {t, Q) so q = q{t, Q) 
is C^. Since q = q{0, Q) = 0, in a neighborhood of a fixed point Qg G dQ,E it is 

(5.7) q{t, Q) = tq{0, Qo) + ifit, Q) - ~tVV{Qa) + </^(<, Q) 
where (p is of class and d(p{0, Qq) = 0. Moreover 

(5.8) q{t,Q) = Q-*^yViQo) + Mt,Q) 

where ipo{t,Q) — (p{s,Q)ds. Then, if {yi, . ■ ■ ,ym-i} is a coordinate system of 
V^^{E) in a neighborhood of Qq, by ( 15. 8> we deduce that, setting r = t^, the set 
{2/1 ) • ■ . J 2/m-i, t} is a local coordinate system on the manifold with boundary dflE and 
(t, Q) i-^ g(r, Q) defines a local chart. 

Then, due to the compactness of dflE, and denoted by dist(., •) the distance induced by 
g, there exists p > having the following property: 

Vy e ilfi with dist(y, dflE) < p there exists a unique solution {py, qy) of ( 13. 2> 
with energy E, and a unique ty > such that qy{0) £ OQe, <ly{ty) — y. 
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Then, by ProDosition l4.1l Vy £ r2_E with dist(?/, dV,E) < p there exists a unique minimizer 
7y for/0,1 onXy. □ 

Remark 5.5. Note that qy{t) ~ q{t, Qy) where Qy is implicitly defined by q{ty, Qy) = y. 
By the variable change used in Proposition l4.1l it turns out that 

(5.10) qit,Qy)^jyil~a), where = / ^ J, , dr. 

In particular, since a = a{t) is the inverse of t{a) we have 

(5.11) i^{y)q{ty,Qy) = -{E-V{y))iy{Q). 

Note also that ty = ^Jt^ is of class when Tj, > since (t, Q) is a local coordinate 
system. 

In the following result we are assuming fi^ C 5?™. 

Proposition 5.6. Let p satisfy property \5.9\ . Whenever < d\st{y,d^E) 1^ p, is 
differentiable at y and 

(5.12) d^|;{ym = -{E^Viy))g{%{0),^) G K". 

Proof. Given the local nature of the result, it will not be restrictive to assume that M is 
topologically embedded as an open subset of IR"^. Consider 

where (•)+ denotes the positive part. For e sufficiently small (with respect to (_) the curve 
7j^(s) + £v^{s) belongs to Xy+^^ (see ( 15 .4» . Then, by the definition of -ip as minimum 
value, 

and therefore 

i^iy + - Hy) < foAiy + £v^) - foAiy)- 

Now 

Im i (/o,l(7y + sv^) - foAly)) = 

1 1 
{E - V{-/y))g{%, ^v^) ~ ^g^y{ly).vi)g{%,%) ds 

uniformly as |^| < 1. Moreover, since = in the interval [i, 1], using the differential 
equation satisfied by 7j, and integrating by parts gives 

{E-V(ay))g{%,^^v^ - \9{^y{ly).Vi)9[iy.%)^s = 

^{E- V{nym)9{iy{^)M^)) =-{E- V{y))g{jy{0),^). 
Therefore, uniformly as |^| < 1, 

(5.13) lim sup -{ij{y + ev^)-ij{y)) + {E~V{y))gi%iO),^) <0. 
Moreover, since ^/j{y + e£_) = foAly+e^) and ?A(y) < foAly+ei - has 

(5.14) ip{y + eC) ~ tpiy) > foAly+ei) - kAly+ei - £v^) = 
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for some de e]0, 1[. Here (•, •)! denotes the standard scalar product in and /', /" are 
respectively gradient and Hessian with respect to (•, •)!. 

Now, it is 7j,+j^(0) = y + £^ and y ^ V~^{E). Moreover, by the uniqueness of the 
minimizer it is not difficult to prove that, V(5 > 3e{5) > such that 

dist(7,+,e(s),7y(s)) < 6 foranye e]0,£(5)], |C| < I, s e [0,1]. 

Then, since jy is uniformly far from V^^{E) on the interval [0, i], the same holds for 
7y+e5 whenever e is small and |^| < 1. Thus, recalling the definition of ds in Lemma ism 
the conservation law satisfied by the minimizer Jy+e^ is 

{E ~ y(7j,+e5))ff(Ty+£6%+£c) ^dl{y + e^). 
This implies the existence of a constant C > such that 

/ g(%+cc,%+£c) ds < C 
Jo 

for any e small and |^| < 1. 

Therefore {Jq li'Jy+e^ — i^e£v^)[v^],v^)i is uniformly bounded with respect to e small 
and 1^1 < 1, due to — on [i, 1], and by ( I5.14> we get 

(5.15) lim i (/o,i(7y+e?) - foAly+e^-evJ) = lim(/o,i(7a+e?),'f?)i 
uniformly as |^| < 1. 

Now, using the differential equation J4.3> satisfied by 'Jy+e^ ™d integrating by parts 
one obtains 

(/o,i(7y+.?),«e)i - -{E-V{y + eO)giiv+em,i), 
while by j5.11l l and the continuity of q{ty, Qy) and ip{y) we have 

(5.16) hm [E - V{y + eO)%+£c(0) = {E - V(y))%(0) 
uniformly as |^| < 1. Therefore, by ( I5.14> -( l5.16> it is 

(5.17) lim mf^ ^ (V^y + - i;{y)) + {E ~ V{y))g{%iO),C) > 

uniformly as |^| < 1. Finally, combining ( I5.13t and J5.17t one has ( I5.12> . □ 

Remarks.!. By J5.1H we deduce that {E — V{y))jy{0) is continuous, therefore by J5.12t . 
tp is of class C^. Again by J5.1U and the C^-regularity of qy{ty, Qy) we deduce that 
{E — V{y))jy{0) is of class whenever y ^ V^^{E), and by ( I5.12> it turns out that 
is of class C^. 

In the following proposition we will show that i/j satisfies a strongly convex assumption 
nearby V-\E). 

Proposition 5.8. There exists p < p with the property that, for any y € such that 
< dist(y, V^^{E)) < p the Hessian (with respect to the Jacobi metric gs) of at y 
satisfies 

(5.18) YV''{y)[v,v]>Q : d^{y)[v] = v^Q. 
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Proof. Recall that 

where rj{s) is a geodesic with respect to the Jacobi metric qe, namely a solution of the 
differential equation J4.3> satisfying the initial data conditions 

7y(0) = y, 77(0) = e 

Now, by dSJll and 

A^{ri{s)ms)] = -{E -V{ii{s)))g{%f^,^{Q),f^{s)) = i^^^^ 
Since lim Qri{s) — Qy, using i5.7\ we can write 

as dip{0, Qy) = 0, and 

^M.s))g{-dt^^,j[r,is)]VV{y) + ^{ty,Q^^,))dt^^,)[r,{.s)] + || ^[f,{s)],r,{s)) . 

Since 77(5) satisfies ( 14. 3> and diy9(0, Qj,) = 0, it suffices to show that for any y sufficiently 
close to dfl, 

^{rjis)){g{qity,Qy),v)f + ^iy)dty[v]g{-VViy),v) + 

(^g{\/V{y),v)g{q{ty,Qy),v) - ^g{q{ty,Qy),^V{y))g{v,v)^ > 

for any v such that dip{y)[v] = 0. This means \hat g[q{ty, Qy),v) = so it will suffice to 
show 

(5.19) sup \dty[v]\g{VViy),VViy)f^ - \ ff (gfa, Q,), VFfa)) > 

for any y close to 

Since q(ty,Qy) ^ y we get 

dt,Hg(t„Q,) + ^^H = ^;. 

Moreover, ^ , Qj, ) goes to the identity map as y tends to 951, while [v] tends 
to V uniformly as \v\ < 1, since (0,(5) is a coordinate system for V^^{E). Then, as 
y — > y^^(i?), dfi;[i;](?(ty, Qy) — > uniformly in u . 
Note that ^g{q, q) = E - V{q), therefore 

(5.20) g{q{ty,Qy)A{ty, Qy)) = 2{E - V{y)) 
so 



(5.21) lim JE-Viy)\dty[v]\=0 

uniformly in 1^1 < 1. 
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Finally, by ( 15. 7> we have 



'iity,Qv) vy(y) 



therefore by ( I5.20> 



^g{q{ty,Qy),qity,Qy)) /g(vy(y),VF(y))^ 



(5.22) lim inf MiMy),^Viy)) . . 

y^y-i(B) ^E-V{v) 

and combining (I5.21> with \5.22\ one obtains ( I5.19> and the proof is complete. □ 



By Proposition 15. 61 Remark 15^ and Proposition 15 .81 one immediately obtains the fol- 
lowing proposition, which is the main result of the section: 

Theorem 5.9. Let E be a regular value for V{x), and let cIe ■ ^ [0, +oo[ be the map 
defined in the statement of Lemma 15.71 and assume that Vl e is compact. There exists a 
positive number (5* such that, setting: 

ri* = {a; € flE ■ dE{x) > (5*}, 

the following statements hold: 

(1) 9ri* is of class C'^; 

(2) fi, is omeomorphic to fl e; 

(3) flsf is strongly concave relatively to the Jacobi metric qe; 

(4) if X : [0, 1] — > ri* is an orthogonal geodesic chord in fi* relatively to the Jacobi 
metric qe, then there exists [a, [3] D [0, 1] and a unique extension a; : [a, /?] — > f2 
of X with X € ([a, fi) satisfying: 

• assumption J4.4t of ProDosition Wj\ on the interval [a, 

• x{s) e d^^(]~(5*,0[)/orflZZs e ]a, 0[U]1, /?[; 

• V{x{a)) = V{x{l3)) = E. 

Remark 5.10. Theorem 15 . 91 tells us that the study of multiple brake orbits can be reduced 
to the study of multiple orthogonal geodesic chords in a Riemannian manifold with regular 
and strongly concave boundary. 

5.2. The Jacobi distance near a nondegenerate maximum point of the potential. Let 

us now assume that xq e i\/ is a nondegenerate maximum point of V, with V{xo) ~ E, 
and let us make the following assumptions: 

• ( ]—oo, i?] ) is compact; 

• V^^{E) \ {xq} is a regular embedded hypersurface of M. 

We will show how to get rid of the singularity of the Jacobi metric at xq, while the singu- 
larity on V^^{E) \ {xq} can be removed as in the case of brake orbits, using Theorem l5.9l 
First, we need a preparatory result. Let J > be fixed in such a way that the set: 



has precisely two connected components; let fls denote the connected component of the 
point Xq. 
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Lemma 5.11. Let Q d fls\ {xo} be fixed; then, the infimum: 

-.1/2 



(5.23) dE{Q) :=inf { ^ 



[E -V{x))g{x,x)dt : 

xeC"([0,l],II7)ni7,i,([0,l[,n7), x(0) = Q, x{l)^xo} 

is attained on some curve jq with the property {E — V {'yQ))g{'yQ , jg) constant and 
7(5([0, 1[) C {xo}. Moreover 



(5.24) 



(5.25) 



lim dEiQ)^0, 

Q^xo 



lim 

Q^xo 



sup dist(7Q(s),a;o) 
5e[o,i] 



= 0, 



(5.26) 

In particular, for Q sufficiently close to xq, 

(5.27) 7Q([0,l])cf^i, 

so it is of class and satisfies assumption ( I4.9> ofProDosition [4.2\ on the interval [a, b] — 
[0,1]. 

Proof. LetXn £ C"([0, 1], fJ^) n i?^ ( [0, 1[ , Sl^) be a minimizing sequence for the length 
functional [{E — V{x))g{x,x)]^^'^ dt, leaving {E — V{x))g{x,x) constant. Choose 
p > such that dist((3,Xo) > p and, for all n £ W, define a" £ ]0, 1[ to be the first 
instant s such that dist(x„(s), Xq) = p- 

The sequence a" stays away from and 1, because for all interval / C x~^(^[^,p]) 
the integral Jj g{xn, in) ds is bounded. We can therefore find a subsequence a"*" con- 
verging to ai £ ]0, 1[. Furthermore, since J^^ g{xn, in) ds is bounded, taking a sub- 
sequences Xn we can assume that x}^ is iJ^-weakly and uniformly convergent to some 
xi £ -ff ^ ([0, ai], il^); then, dist(a;(ai), Xq) — p. Repeating the construction, we can find 
ct2 £ ]cti, 1[ and a subsequence x^ of x^ which is i/^-weakly and uniformly convergent 
to a curve a;2 £ H^(^[0,a2],fls) with dist(x(a2), Xq) — | and a;2|[o,ai] = a^i. Iteration 
of this construction yields a weak-iJ^ limit of x^, which is a curve x £ i?ioc( [0, a[ , ila), 
where a = limoffe, and dist(a:(Q!fe), xq) — 



k 

Now, for all fc > 1: 



{{E - V{x))g{i,x)Y'^ ds <\mY--mi I ((^ - l/(a:„))5(i„, i„))''' ds 







< liminf 

n — »oo 



n — >oo 
1 



.1/2 



1 /2 

{{E -V{xn))g{in,in)) ds = dsiQ) 



hence: 



{{E-V{x))g{i,i)) 



1/2 



ds = lim 

k — *oo 



{{E-V{x))gii,i)y^^ ds<dE{Q). 



and we can assume, as usual, {E — V{x))g{i, i) constant (and positive since Q ^ xq). 
The curve x can be extended continuously to a by setting x{a) — xq. Indeed, if by contra- 
diction there exists a sequence Pn < ctn < a such that lim/c (ik = a. and a positive number 
V such that dist(a:(/3fc), xq) > F, there exist fi]. G]/9/c, oik[ such that d\st[x{(3\), xo) — ^ 
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and dist(a;(s),a;o) > f , Vs e [Pl^Pk]- But E - V{x{s)) is far from zero in [Pi, Pk] 
therefore g{x, x) < K e 1R+ on [I3l,f3k] for some K, and then 

^ < dist{x{(3l),x{/3k)) < f\{±,±)At < KiPk-Pi) 



2 



01 



which is a contradiction. 

Clearly, up to reparameterizations on x we can assume a = 1 and a;( [0, 1 [) C fls\ {xa}. 
Taking 7q = a; we have the existence of a minimizer satisfying the conservation law 
(E - V{-/Q))g{jQ,^Q) constant. 

Now, taking a chord Cq joining Q and xq we have that 1{Cq) — > as Q ^ xq, and 
since dsiQ) < 1{Cq) we obtain ( 15.24k 

Moreover, if by contradiction (I5.25> does not hold for any Q sufficiently close to xq, 
there exists sq such that 

dist{jQ{sQ),xo) > 77 > 0. 

Let tg > Sq such that dist(7Q(tQ),a;o) = f and dist(7Q(s), xq) > f Vs e [sg^tq]. 
Since gijq, jq) is bounded in [sg,tQ] it must be tg — sq far from zero as Q — + xq. But 
also E — V{-yq) and g{jq, jq) are far from zero in [sq, tq] so we deduce that 

/ (/ "^^^ ^'^^^^^'^^'S'^'^)'^^) fai- from zero 

which is in contradiction with ( I5.24> . 

Note that ( I5.25t immediately implies ( I5.27> and since jq is a minimizer satisfying 
{E — V {■fq))g{jq , jq) constant, we immediately see that ( 14. 9t is satisfied in the interval 
[0,1]. □ 



As for Lemma l53l a simple argument shows 

Lemma 5.12. The map cIe ■ ~> [0, +oo[ defined in the statement of Lemma \5.11\ is 
continuous. 

For any y sufficiently close to xq, let qy be the reparameterization of given by Propo- 
sition l4.2l We have 



(5.28) 



ds 

9y(o) = y 

lim qy{t) = xo 
lim cjiiit) — 0. 

t-^+oo ''^ ' 



The following estimate holds 

Proposition 5.13. Let qy be as above. Then there exists p and a constant a > such that 
(5.29) dist{qy{t),xo) < dist(?/, xo)e^"* 

for any y such that dist(2/, Xq) < p. 

To obtain the above result we need the following maximum principle in M. 
Lemma 5.14. Let (p : [0, +oo[^ M be a map with limj^+oo (pit) = 0. Let v > 



such that (p" {t) > v(p{t), \/t > 0. Then tp < (p{0)e 
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Proof. Consider the map ijj — ip — ipa where ipo{t) = <p(0)e Clearly ^(0) = 

linif^+oo = ™d so V' has a global maximum at some t G [0, +oo[. If f > then 

m < irit) < 0. ' □ 



Remark 5.15. Clearly, an analogous result as in the above Lemma l5.14l holds. reversing all 
inequalities. 

Proof of ProDosition \5.1 3\ Let q be a solution of (I5.28> (with q{0) = y), and let Lp{t) = 
^dist(g(t), xo)^. By J5.25t we can choose p sufficiently small so that 

dist{q{t) , xq) < po, for any t>0, 

where po is chosen so that the function I) (z) ~ idist(z, xq)"^, in the open ball B{xo, po) of 
center xq and radius po, is of class C^, strictly convex and, called Xz the unique minimal 
geodesic with respect to g such that (0) = xq, Xz (1) = z (see f4l), one has 

Vd{z) = Xz{l). 

Now ip'it) = g{Vdiqit)),q{t)) and 

^"{t) = R'{q{t)Mt),q{t)]+9{^mt)), Mt)) > .9(V5(gW), VT/(q(t))). 
Now, take z in B{xq, po), consider the minimal geodesic Xz as above, and define the map 

p{s) ■.= g{WHxz{s)),-WV{xz{s))). 
By the choice of Xz it is Vi)(xz(s)) = sxz{s), so 

pis) ^ g{xzis),-VV{xzis))) - sR''{xz{s))[xz{s),Xzis)] > 

g{xz{s),-WV{xz{s))) + si'g{xz{s),Xz{s)) 
for a suitable choice of v (xq is a nondegenerate maximum point). Since p(0) — then 

5(Vl)(z),-Vt/(z)) / p(s)ds> 

Jo 

g(iz(s), -VV^(a;2(s))) + siyg(xz{s), Xz{s)) ds = 

- V{xz{s)\lZ„ + '^dist{z,xo)'^ sds = 

Jo 

(E - V{z)) + ^dist(z, xqY > ^dist(z, xof, 

where V{xo) = E has also been used. Therefore (p"{t) > ^dist{q{t), xq)'^ — v q{t), and 
by Lemma l5.14l 

<iist{q(t),xof < dist(g(0),xo)e"^*, 
and ( I5.29> follows taking the square root of both members above. □ 

The regularity of the distance function from xq with respect to the Jacobi metric is based 
on the following proposition. 

Proposition 5.16. For any y close to xq there exists a unique qy satisfying (I5.28t . More- 
over, the map 

(5.30) q^iviO) 
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is of class and its differential satisfies dqy{0)[v] ~ ^(0), where £^{t) is the unique 
solution of 

+ my, amy + ^""{qym = o 
(5.31) i m = 

lim CW- lim 

t — > + 00 t — > + QO 

where is the second covariant derivative and R{-, •) the Riemann tensor with respect 
tog, and'Ly{x)[v\ £ T^M is the vector defined through giLX {x)[v],w) = H^{x)[v,w] 
for all w € T^M. 

Proof. Consider the ball B{xo, p), with p > small, and the spaces 



X2 = {q e C^ilR+,B{xo,p)) : lim q{t) = xq, lim q{t) = lim qit) ^ 0} 

t — >+oo t — y+oa t — *+oo 

with the norm (we can assume to work in a local chart) 

(5.32) \\q2-qi\\ ■■= sup \q2{t) ~ qi{t)\ + sup \q2{t) - qi{t)\ + sup \q2{t) - qi{t)\ 

teR+ teR+ teR+ 

and 

Xo = {qeC°{]R+,M"') : lim \q{t)\=0} 

t — ^+00 

with the norm 

Ik2-9l|| := sup \q2{t) ~ qi{t)\, 

teR+ 

that are clearly Banach spaces. Now, consider the open set 

M = {q ^ X2 : sup disi{q{t) , Xq) < p} d X2 

teR+ 

and the map 

F : A2 X B{xo,p) — >XoX 

given by 

F{q,y)^{^^q + WV{q),q{Q)~y). 

Thanks to the behaviour at infinity, we can use the same standard arguments exploited in 
finite intervals to prove that F is differentiable and (see |2|) 

mq,ymy] = (^e + i?(9,e)'z + L^('z)K],e(o) -^'). 

Moreover, thank again to the behaviour at infinity, it is a straight check to verify that 
dF{q, y) is continuous (recall that g and V are of class C^). 

Now consider ^(xq, 0)[^] — (^+L^''(0)[^], ^(0)) where denotes the constant curve 
with image xq. We claim that 

dF 

(5.33) ^) ■.X2^Xox 1?™ 
is an isomorphism. 

Recalling the definition of L^, and since H^(0) is symmetric and negative definite, 
using a base consisting of eigenvectors for H^(0), it is sufficient to show that for any 



HOMOCLINIC ORBITS IN RIEMANNIAN MANIFOLDS 



21 



function h G C^{]R^,1R) such that linit^+oo h{t) — and for any 9 & Ft, the solution of 

{X — o?x = h 
xiO) = 9 
lim x{t) = lim x{t) = 
t — >-\-co t — >+oo 

exists and is unique (where x : _ZR+ M). 

The general solution of the differential equation above is 

x{t) =(^a+^J^ h{s)e'°"' ds^ e"* + - ^ ^ h{s)e°" dsj e""*. 



Since lim h{t) = it is 

t — >+oo 



lim — f /" h(s)e°"ds]e-°'* = 



then lim x{t) — only if we choose 

t — >+oo 



+00 



a = — 5- / h{s)e-°''ds. 
2a Jo 

With such a choice indeed lim a;(t) = lim = 0, while x{0) = 6* for 

t — ^+oo t — ^+oo 



1 



+ 00 



b^9-a = 9+— / h{s)e-°"ds, 
2a Jo 

proving that the solution of (I5.34> exists and is unique, and therefore the map defined in 
(I5.33> is an isomophism. 

Then, by the Implicit Function Theorem and Proposition 15 . 1 31 we have the uniqueness 
of Qy for any y close to xq and its C^-differentiability in X2- In particular the map ( I5.30> 
is of class C^. Denoting by ^ the differential dgy[u], and differentiating the expression 
F{qy, y) = 0, in particular we obtain that ^ solves (I5.31> . Since, has we have already seen, 
the solution exists and is unique for y ~ a;o, Proposition l5.13l ensures that this remains true 
for y close to xo also. 

Finally, C^-regularity of qy with respect to the norm (I5.32> immediately implies that 

dgy(o)M -e(0), 

where ^ is the solution of ( I5.31> . and then dqy [v] (t) = ^{t). □ 
Now set 

(5.35) V(2/) = Idsiyf 



where I is the map defined in J5.23> of Lemma B.l II Thanks to the above proposition we 
can repeat the proof of Proposition l5.6l to get its counterpart in the case of a nondegenerate 
maximum point. 

Proposition 5.17. There exists p > such that for any y with dist(y, xq) < p the map ip 
defined in ( 15.351 1 is of class and its differential is given by 

(5.36) di^{y)[v]^-{E-V{y))g{%{0),v)^~ij{y)g{qy{0),v). 
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Note that the variable change used in the proof of Proposition l4.2l vields qy{t) = 7j/(cr) 
where t{a) = V(2/) E~vhy{r)) 

We now are going to show the counterpart of Proposition 15.81 We cannot repeat, of 
course, the same argument as before: indeed, since E is not a regular value for the potential 
V{x), the curve qy{t) = q{t, Qy) (see Remark l531 does not reach the boundary dVl in a 
finite amount of time and therefore it cannot be reparameterized in a bounded interval. 

Proposition 5.18. There exists p < p such that for any y with dist(2/, xq) < pit is 

lV^{y)[v,v] > 0, Vw : d^{y)[v] = 0. 

Proof. We need to evaluate 

£(V'(^(^)))|..o' 

where 77(5) is the geodesic with respect to the Jacobi metric gs such that 7y(0) = y, i){0) = 
V, where dip{y)[v] — 0. We also recall that 77(5) satisfies equation (14. 3> . By j5.36t 

-A^{^{s)ms)\g[q^^,^{^),^{s))~i,{^^^^ 

then, using again ( I5.36t . and exploiting (14. 3> . one gets 

H'/' (y) [v,v]= i,{y)g {qy (0) , ' - Hy)9{dqy (0) H , v) - 

E-^Viy) {~l9{v,v)g{qy{0),VV{y)) + g{\/V{y),v)g{qy{Q),v] 
Since g{qy(Q), v) — dip{y)[v] — 0, it suffices to show the existence of I'o > such that 

(5.37) ^mf^5(d%(0)H,.) + ,(^_^(^)) > -0 

for any y close sufficiently to xq. Let us consider the map ii{t) = g{qy{t), \/V{qy{t))^. 
By ( I5!l8l it is 

p{t)-p{Q)= [\'{t)At= f [g{-VV{qy),^V{qy))+B^{qy)[qy,qy]] dr 



then, by Proposition l5.13l and nondegeneracy of the maximum point xq, we see that there 
exists > such that 

^Ji{t) - ^l{0) <-^J^l \%\^ dr = {E - V{qy{T))) dr, 

and since lim p{t) = we have 

t — >+oo 

g{qy{0), VV{y)) = m(0) > / {E - T/(g,(r))) dr. 

Jo 

Now, consider the map n{t) = E — V{qy{t)): it is 

^"{t) = ~R''{qy)[qy,qy]+g{\7Viqy),VV{qy)). 

Again, by nondegeneracy of xq as maximum point and Proposition l5 . 1 3l there exists A > 
such that 

g{VV{qy{t)), VViqyit))) < A{E - V^qyit))) 
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while the conservation law of the energy for (7j, gives \g{<lyAy) ~ E~V{qy). Then there 
exists B > such that n" {t) < BK{t) for t > 0, and by Remark lsTsl 

E-Viqy{t))>{E-Viy))e-^K 

Then 

/■+00 

g{qyiO)yV{y)) > v{E - V{y)) / e-^^^dr. 

Jo 

Finally, by Proposition l5.16l dqy{Q) d(7a.(,(0) while d(73.Q(0)[i;] — $o(0) where ^o(^) is 
the unique solution of 

eo + L^K)Ko] =0 
eo(0) - V 
lim ^oW- lim CoW^O. 

r— >+cx2 r — *4-oo 

But, denoting by ei a basis of eigenvectors for L^(xo) and by A^ < the corresponding 
eigenvalues we have 

m 

Since d(72;,-|(0)[w] — Co(0) and — H^(a;o) is positive definite, there exists /ig > such that 

5(dgo(0)H,w) > fJ,og{v,v), 
and ( I5.37> is completely proved. □ 

Finally, we give the result needed to prove our multiplicity result for homoclinics in |5 1. 
To this aim, take y G {x : V{x) < E} and consider 

(5.38) diy) = distE{y,V-\E)) 

where dist^ is the distance with respect to the Jacobi metric. Combining the results of 
Theorem l5.9l Lemma lS.llI Propositions 15 . 1 7H5 . 1 81 and using the function ( I5.38t gives us 
the following: 

Theorem 5.19. Assume that: 

(a) V^^[\—oo,E[^ U{^o} is homeomorphic to an open ball of M"^; 

(b) dV{x) ^ Oforallxe V-^{E) \ {xq}; 

moreover, let d be as in ( 15.381 1. Then, there exists a positive number (5* such that, setting 

n,^{xe K*^ : d{x) > S,} 

and denoting by Dq the connected component of close to xq and by Di the connected 
component of dn.t near V^^{E) \ {xq}, the following results hold: 

(1) 9ri* is of class C^; 

(2) is homomorphic to an annulus; 

(3) Q^, is strongly concave with respect to the Jacobi metric qe; 

(4) if X : [0, 1] — > ri* is an orthogonal geodesic chord in fi* relatively to the Jacobi 
metric gs such that x(0) £ Dq and x(l) G Di, then there exists ]a, (3[ D [0, 1] 
and a unique extension x : [a, /3] — > f2, a; G H ^^;oc([a, P],^e) satisfying 

• X is a geodesic with respect to the Jacobi metric; 

• x{s) G d-'^{]-6^,0[) for alls G ]a,0[[j]l, P[; 

• x{a)^xo,x{f3) G V-HE)\{xo}. 



24 



R. GIAMB6, F, GIANNONI, AND P. PICCIONE 



References 

[1] A. Ambrosetti, V. Coti Zelati, Multiple Homoclinic Orbits for a Class of Conservative Systems, Rend. Sem. 

Mat. Univ. Padova, Vol. 89 (1993), 177-194. 
[2] V. Benci, Closed Geodesies for the Jacobi Metric and Periodic Solutions of Prescribed Energy of a Natural 

Hamiltonian System, Ann. Inst. H. Poincare - Analyse non Lineaire 1 (1984), 401^12. 
[3] W. Bos, Kritische Sehenen auf Riemannischen ElementarraumstUcken, Math. Ann. 151 (1963), 431^51. 
[4] M. P. do Carmo, Riemannian Geometry, Birkhiiuser, Boston, 1992. 

[5] R. Giamb6, F. Giannoni, P. Piccione, Multiple brake orbits arul homoclinics in Riemannian manifolds, in 
preparation. 

[6] R. Giambb, F. Giannoni, P. Piccione, Multiple brake orbits and the Seifert's Conjecture, in preparation. 
[7] H. Gluck, W. Ziller, Existence of Periodic Motions of Conservative Systems, in "Seminar on Minimal Sur- 
faces" (E. Bombieri Ed.), Princeton University Press, 65-98, 1983. 
[8] Y. Long, Yiming, C. Zhu, Closed characteristics on compact convex hypersurfaces in IFt?^ Ann. of Math. 

(2) 155 (2002), no. 2, 317-368. 
[9] L. Lustemik, L. Schnirelman, Methodes Topologiques dans les Problemes Variationelles, Hermann, 1934. 
[10] P. H. Rabinowitz, Periodic and Eteroclinic Orbits for a Periodic Hamiltonian System, Ann. Inst. H. Poincar^, 

Analyse Non Lineaire 6 (1989), 331-346. 
[11] H. Seifert, Periodische Bewegungen Machanischer Systeme, Math. Z. 51 (1948), 197-216. 
[12] K. Tanaka, A Note on the Existence of Multiple Homoclinic Orbits for a Perturbed Radial Potential, No. D. 
E. A. 1 (1994), 149-162. 

[13] A. Weinstein, Periodic orbits for convex Hamiltonian systems, Ann. of Math. 108 (1978), 507-518. 

DIPARTIMENTO DI MATEMATICA E INFORMATICA, 

Universita DI Camerino, Italy 

E-mail address: roberto . giambo@unicam. it, fabio .giannoni @unicam. it, 

paolo . piccione@unicam . it 
VRL: http : //www . ime .usp.br/~piccione 



